
Math 564: Advance Analysis 1
Lecture 12

Integration of simple functions .

Let (X
,
M

, M) be a measure space .

We define the Fintey-
ral of a simple function fe1== ((X

, M) : = (all-measurable functions X-1R3 by
Ifdr : = [ai - M(Bi)

,

i<n

where f = di
Bi

is some/any presentation .

For Bell
, put Sid == J -13d

Prop .
This is well-defined (i . e .

doesn't depend on
the choice of presen-

tation)
.

Proof
.

HW .

Properties . Let f
, gEL :=L(X

,
c) be simple functions .

(a) Non-negativity : f P => Jfdd<- 8 .

Hence
, fay=> (fd=/gdM .

(b) Linearity : Jaf+gdM =

a . JfdM+]sdM for all ac IR
.

(d) If =0
,
then JfdM = 0 => F = 0 a .

e
.

(d) If f = P
S
then the map. But d is a measure on all dented

by Mr .

Proof
. (a) is by affinition ,

(b) is by welldekwednes .

For k)
,

we use that 0 .
& = 0

.

For (d) , we only need to show bl additivityso let =u in a.

Fix a representation = ZaiAci · Then
i<m



ctb) add ·of

* (B) = If d = (f- d =2 (in) kinbal=

-
Zai(iBn) = Ear (md :Ac: BndM= d
nEIN i < m

= I (Bul .

hE/N

Integration of L .

Let IX,
M

,
M be a measure space .

We learn how ho

approximate It functions from below by simple functions
.

Recall notions of convergence .

For a set X and a metrix space (Y, d)
Hor examle Y = (R) . Let fa : X->Y and f : X-Y .

We say It ful converges of pointwise ,

and write fatf paise ,

if for each xEX
,
fuls)t f(x) in the top of Y.

We saytt (ful converges of uniformly ,

and write tutaf
,
if

delfu
,
f) -> P as

nex
,
where for fig

: X-Y

dulf
, g) =

= sup dIf(x) , g(xl ,

x = X

we call this the uniform distance between al go

When YEIR
, we also write lifle : = /f(x))

,
so dalfig) =If-gllas

and we call live the uniform norm
.

Prop .

(a) For every Felt ,
there is a sequence (fel = of simple functions

such Hf fo = ficte ... If
,
fatf pointwise on X

,
the

convergence is uniform on every set X = X or which I is bounced
.

(b) For every fEL ,
He is a sequence (fu)= L of simple functions est

. Hollfil ... If
,

furf pointwise
,
and fulxit fix : for each XeX on which is bounded .

4



Proof
.
(b) follows from (a) by writing f = ft- F

, getting sequences (f) and (ful
of simple functions satisfying (a) for It alf

,
then the

sequence foi=f-fi is as desired .

(a) (0,]
f"(2" . 1

,
a - 2) = B

,

For each m
,

we will try ho approxim
f"(a" - 2 ,

2" . 3) = B2
mate the intoff off at zu

,

i
.
e

.

4 - F"(2- . 3
,
2 - 4) = B> min(f

,
24)

.

We partition the codomain
3 :

f"(2" - 4
,
07 = By = Bu

, 10
,
24] into intervals of equal

1-m2 =2 cutoff
length 2", so the total ofN

D kn = = 2"/z = zum
N &

8

X Br : = f (2 . n
,
-],k= 1

, . . .,
kn

.

Note It B
,
I Bi?. -= Brn auch put fai= 2 . 1s .

Note that the standard
k= 1

presentation of In is fat 2 K .Bi , where Bi : = Bat Bas for likkn and Ban :- Bun
k= 1

Putting Xn : = F"[0
,
2"]

,
we se WA 11fxn-full = 2" and the Xa

increase
.

Thus if f is bounded on X
,
Pen X'= Xm and we have

Il flys-full 2 for all n=m ,
so full tu flX

In particular
,
fr

any xEX
with f(x)<8

, f(x) -> f(x) .

And for xEX with f(x) = &
,

one verifies by inspection It fu(x) =2-&

Now it's reasonable to define the Mintegral of felt by

Sta = = sup4/sa : set simple and saf] .

Note that if I itself is simple ,
the two definitions of (fol incide be

cause SAM will be accounted for in the sup .

Observations
. 4t f

, ge Lt .

(a) Non-negchrity : IfdMarO . In particular , fzg => (Ad /gdM .

(b) JF = & <=> F = P a .
e

.



k) Scaling : Jafdo= a . Sfd for all at So , 9) .

Proof
.
We only prove (c)

.

-> Suppose JAd =0
.

Than if I was not O a . e
.,
Here would be

FIG on a positive measure set Bu
.

one tinction = - B
,

is f and Janice
which is positive, a contradiction .

=
-

If f = 0 a.. ten any single function OIS If is also Pare
.

so (Sd = 0
.

Note It to compute Iflr, we would to approximate f from below

by simple functions (f) and hope It (falc- bin Stude
Also

,
we would like to prove linearily off ,

" which amounts
↳ finite additivity of J .

All his follows from :

Monotone Convergence Theorem . Let fu
,
felt al fuf

,
i

.
e - fotfitft...f

and fut f paise .
Then Sudd Star

him Stad =proof
.

pje potted Samant ame Jean
,

for which we fix a simple function Of and chow Ut

hi HudJsaM .

We give ourselves an 3 room
,
and show

Hat

bir (fude (1-2) · (sd = ((es)S &M

for all 330
. Let Xn= = ( x G X : fulx) = (1-2) S3

.

Tn X= An
,

so Stude Anders /(sisd and by upward mono-
nE/N

Xu domicity of the measure M
s



we have but <(1-3)sdM=((1-3)sdM ,
nence

ein(fudc((-2)sd .


